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ABSTRACT

Diagrams are presented which display the relationships between hailstone size distribution parameters
and integral quantities defined in terms of these parameters. It is assumed that the hailstones are spherical
and homogeneous, are distributed with respect to size according to a truncated exponential distribution,
and that they fall in still air without rain. Some of the diagrams are shown to have application for size
distributions other than exponential provided that the moments of the distribution are known. Hailfall-
related integral quantities depicted are the total number of hailstones per unit volume, liquid water content,
kinetic energy content, fluxes of mass and kinetic energy, median volume diameter, average diameter, mass-
weighted average diameter, variance of the size distribution, and number of hailstones greater than a
specified minimum diameter.

Radar measurables are calculated using backscattering cross sections for spherical hailstones that are
dry or coated with a thin film of liquid water of thickness . The results are displayed on overlays for the
hail parameter diagram for radar wavelengths of 3.21 cm and 10.0 cm for dry (¢ = 0.0) and wet (¢ = 0.01
cm) hail. Radar quantities shown on these overlays include the equivalent radar reflectivity factor, the mean
Doppler fallspeed, the variance of the Doppler spectrum, and the ratio of the reflectivity factors for the
above two radar wavelengths.

Applications of the diagram are presented, one of which uses experimental hail parameters of several
investigators. Another involves analysis of 1976 National Hail Research Experiment hailpad data and the
results are plotted on the diagram. Empirical results deduced from these analyses are used to construct a
second form of hail parameter diagram which is convenient for analyzing possible effects due to natural
or artificial modification of the hail size distribution. Experimental hail parameters are also plotted on this
diagram and empirical equations are derived from these data to illustrate the relationships implied by such
empirical analyses between all pairs of hail parameters, These results also are used to assess the error
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introduced by neglect of the contribution to remote measurables due to rain.

1. Introduction

After two decades of worldwide, sporadic collec-
tion of data on the numbers and sizes of hailstones,
enough information has been accumulated to provide
reasonable approximations to typical hail size dis-
tributions. In this work this information is used to
develop theoretical and empirical relationships be-
tween the parameters of the distribution and a va-
riety of physical quantities dependent thereon. Of
particular interest are integral quantities such as to-
tal number concentration of hailstones, concentra-
tion above specific sizes, mass per unit volume, mass
flux, kinetic energy content and kinetic energy flux;
all of which are related to problems of damage by
hailfall, to hail suppression, to methods of measure-
ment of hail, and to parameterization of hail growth
by modelers. Additional work presented here relates
the characteristics of the hail spectrum to several
radar measurables, such as equivalent radar reflec-
tivity factor, mean Doppler fallspeed and variance
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of the Doppler spectrum, all at two commonly used
wavelengths. The motivation for the latter is to de-
termine how to measure best the physical properties
of hail by radar and the limitations of such methods.
All the hail properties are presented in a generalized
hail parameter diagram comprised of a base diagram
and a series of overlays which permit easy deter-
mination of any of the desired quantities from knowl-
edge of a sufficient set of the others.

The theoretical calculations presented here assume
that the size spectrum can be represented by a form
which involves three parameters. Such an assumption
means that to specify completely the size distribution
requires knowledge of three quantities, such as the
total number of hailstones per unit volume, a rep-
resentative hailstone diameter (e.g., the average di-
ameter), and the breadth of the distribution. The
mathematical form of the distribution used here is
a truncated exponential form i.e.,

N(D) = Noe™2(0 < D < Dp,,), (1)
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where N(D) (m™ cm™") is the number of hailstones
per unit volume per unit size interval and D (cm) is
the hailstone diameter. With N(D) having this form,
the three quantities required to specify the distri-
bution are the parameters Ny (m™ cm™), A (cm™)
and the maximum hailstone diameter D,,,, (cm).
The assumption of an exponential distribution in
Eq. (1) is supported by the observations of Douglas
(1963) and Federer and Waldvogel (1975, 1978) at
the surface and by the analysis of Doppler radar
spectra of hail aloft by Ulbrich (1974, 1977). The
reasons that the distribution must be truncated at
a maximum diameter D, have been discussed by
Ulbrich (1977). Among these reasons are the phys-
ical arguments of Dennis and Musil (1973) who show
that the most strongly correlated experimental hail-
storm parameters are the maximum hailstone di-
ameter, the maximum updraft velocity and the tem-
perature of the updraft, therefore suggesting that a
storm is capable of producing hailstones with di-
ameters up to that which can be supported by the
maximum updraft velocity. Furthermore, since much
of the discussion in this work is concerned with re-
mote measurement of hail parameters by radar and
the contributing region of the radar beam is of finite
size, the spectrum observed by radar will contain
hailstones with diameters up to a maximum size
which depends on the location in the storm as well
as the time of observation during the lifetime of the
storm. Nevertheless, in spite of the.evidence in sup-
port of the specific form of N(D) used to construct
the diagrams in this work, it will be shown in a future
publication that the results presented here have gen-
eral applicability for arbitrary size distributions for
which the moments of the distribution have been
determined. This means that the diagrams can be
used to examine the relationships among hail param-
eters for distributions of any form. It is only neces-
sary that the moments of the distribution be given
and these could be found empirically or theoretically.
It is recognized here that an instantaneous or short
interval hail sample rarely produces a perfect trun-
cated exponential distribution, although the 30 s
time-resolved samples of Federer and Waldvogel
(1978) are remarkably well approximated by expo-
nentials as are those deduced by Ulbrich (1974) from
short-interval measurements of Doppler spectra.
Sampling considerations suggest that short-term de-
viations are to be expected (Gertzman and Atlas,
1978) and that it is some longer-term average spec-
trum which should be used. Large differences from
exponentiality also are characteristic of short-inter-
val raindrop spectra. Indeed, it was only by averaging
a large set of drop-size spectra that Marshall and
Palmer (1948) were able to arrive at the classical
exponential distribution of raindrop sizes. Even then
they noted that the exponential law does not fit well
at small drop sizes, and there is a wide body of ev-
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idence of both statistical and physical deviations
therefrom. Nevertheless, the Marshall and Palmer
(1948) spectrum has long been used very effectively
for a wide variety of scientific purposes. It is in the
same spirit that the exponential distribution is used
in this work.

Another very important assumption involved in
this work is that the remote radar measurables rep-
resented on the diagrams include only the contri-
bution due to hail, with the part due to rain consid-
ered negligible. This condition generally will be met
when the rain contribution to the reflectivity factor
is <10-20% of the total, but the existence of this
condition is not always readily determined. In any
case, it is important to isolate the radar character-
istics of hail when the above requirement is met, for
this will subsequently permit assessment of the lim-
itations of the measurements when it is not met. The
separation of the hail and rain parts of remote mea-
surables probably requires measurement of more
than two quantities as well as the use of specialized
methods of analysis. This remains a major, unsolved
problem in radar meteorology and will not be ad-
dressed in this work. However, the effect of neglect-
ing the rain part of the reflectivity factor on the use-
fulness of the results presented in this work will be
considered in detail in Section 3.

Two forms of hail parameter diagram are pre-
sented here. The first form is a three-parameter dia-
gram and is general in that no assumptions are made
about any relationships among the three distribution
parameters Ny, A, and D,,,. The second form of hail
parameter diagram uses an empirically deduced re-
lationship between A and D, which considerably
simplifies the presentation, transforms the diagram
to a two-parameter form and makes it analogous to
the diagram for rain presented by Ulbrich and Atlas
(1978). Both forms consist of base diagrams supple-
mented by overlays. The base diagrams display the
relationships among those quantities which are de-
pendent only on the size distribution parameters and
which are independent of any other quantities such
as radar wavelength. The overlays are used with the
base diagrams to depict the dependence of quantities
such as radar reflectivity on all other quantities.
Applications of both forms of diagrams are presented
which use radar data and surface hailpad data of
several workers. In addition, an analysis of 1976
National Hail Research Experiment hailpad data is
performed and the results displayed on the hail pa-
rameter diagram.

2. Three-parameter diagram
a. Base diagram

In terms of the distribution parameters N, A and
Dp.x, the definitions of some of the quantities of in-
terest in this work are as follows: the liquid water
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FI1G. 1a. Three-parameter base diagram. Isopleths of W/No, Nr/No, A, Doy and
D, are shown as light dot-dashed lines, dashed lines, heavy solid curves concave to
left, heavy solid curves concave downward, and light solid curves, respectively. The
units of the labels on the isopleths are shown on the diagram.

content W (g m™?) is given by

T Dimax wpNy
W=— D*N(D)dD =
6° Jo (D) 6A°

and the total number concentration of hailstones N
(m™3) is

I'(4, ADwax) (2)

. Dmax No
Np= N(D)dD = 3 I'(1, ADpy).  (3)
In the above, I'(a, x) is the incomplete gamma func-
tion

T(a, x) = J; u e du, (4)
which approaches the limiting value I'(a, ) =
(a — 1)! when x — oo. In addition, the hailstones
have been assumed to be spherically homogeneous
with mass density p (g cm™3); in this work it will be
assumed that p = 0.9 g cm™>. Another commonly

used parameter is the median volume diameter D,
(cm) defined by

Do Dumax
2 f D’N(D)dD = DN(D)dD. (5)
0 0
Using Eq. (1), it is therefore found that Dy is related
to A and D, through the relation

I'(4, AD,) = 0.5T(4, ADpay). (6)

Consequently, the product AD, is determined solely
by AD,.. and, as shown by Atlas (1953), when
AD.,, — oo, ADy, — 3.672. The quantity AD, is
within 5% of the latter value when AD,,, = 7.

The relationships among Ny, W, Ny, A, D,.x and
D, are displayed graphically on the diagram in Fig.
la. The diagram consists of a plot of W/N, vs Nr/
N, with isopleths of D, (heavy solid curves concave
downward and to the right), A (heavy solid curves
concave toward the left), and D, (light solid curves
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concave downward). The vertical and horizontal axes
are both skewed in the diagram so that isopleths of
Nr/N, and W/N, are shown as light dashed lines
and light dot-dashed lines, respectively. Since the
units of Ny and W are m™ and g m™3, respectively,
and the units of Ny are m™3 ¢cm™!, then the labels on
the Ny /Ny isopleths are in centimeters and those on
the W/N, isopleths are in g cm. The labels on the
Dy, isopleths are in cm and appear along the right
boundary, those on the D, isopleths also are in cen-
timeters and appear along the left boundary, and
those on the A isopleths are in cm™ and are shown
below the bottom boundary. The ranges of label val-
ues have been chosen to span most of the experi-
mentally observed values.

All of the isopleths in the diagram in Fig. la are
dependent solely on the parameters A and D,,,, with
the third ‘parameter N, appearing as a normalizing
divisor in W/N, and Nr/N,. The diagram will there-
fore be referred to in this work as the base diagram
since it depends on the size distribution parameters
only and is independent of any other relationships
describing the particle properties, e.g., the hailstone
fallspeed law, the backscattering cross sections, etc.
Several other quantities can be defined which also
are dependent only on A and D,,,, and some of these
are the average diameter D (cm) given by

Dax
DN(DYAD | 13, AD,w)

1
T AT\, ADpyy)’

0
Dimax

N(D)dD

D=

)

the mass-weighted average diameter D,, (cm) de-
fined as

Dmax
4
L D'NDYD | s ap,.)

_ 1
D = = —
" A T(4, ADyy)

D (8)
J; D’N(D)dD

and the variance of the distribution ¢? (cm?) defined
by

L ™ (D — DYN(D)AD
2

Dimax

N(D)dD

-1 {[r(s, ADmax)] _ [r(z, ADM)T} )
A? [LT(1, ADpyy) (1, ADgpe) ] |-
Isopleths of D, D,, ¢ and the product AD,,, are
shown in Fig. 1b which can be used as an overlay

of Fig. la.
Many other overlays similar to that shown above

can be constructed which display the relationships
of the quantities of interest to the size distribution
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Fi1G. 1b. Supplement to three-parameter base diagram showing
isopleths of D, D,,, AD... and ¢* as light dashed curves, heavy
dashed curves, heavy straight lines, and light solid curves, respec-
tively. The units of the labels on the isopleths are shown on the
diagram.

parameters. For example, quantities which have been
hypothesized as being related to the physical damage
caused by hailfall are the kinetic energy content E
(J m™3) given by

1 Drnax T 32
E=- f Z pD*vA(DYN(D)dD
2Jo 6

_0.0017py?
12A°

the kinetic energy flux £ (J m™2 s7!) defined as

NOF(Sy ADmax)a (10)

R 1 Dmnax T 33
E=1 f T oDv(D)N(D)dD
2)0 6

_ 0.001wpy’
124%3

and the mass flux W (g m™ s™!) defined by

NoI'(5.5, ADwax)  (11)

Dmax
W= f % pD*0(D)N(D)dD
0

oY

= GA%S NI (4.5, AD ).
An overlay depicting isopleths of E/N,, E/N, and
W/N, is not shown here since these isopleths are

(12)
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F1G. 2. The ratios D/D, and D,,/D, as functions of AD,,.

similar to those for W/N, in Fig. 1a. However, these
damage-related quantities will be discussed further
in the next section.

In Eq. (10)-(12) it has been assumed that the
hailstones are falling in still air and therefore no
account has been taken of the presence of vertical
or horizontal winds. £ and W might therefore be
appropriately called the “intrinsic™ vertical fluxes of
kinetic energy and mass. Also, it has been assumed
in the above that the fallspeeds of the hailstones can
be approximated by

oD) = (;%)/W) — 1V,

where p = 0.9 g cm™ is the mass density of ice, g
= 9.8 m s is the acceleration due to gravity, p, (g
cm™) is the mass density of the air through which
the hailstones are falling, and C, is the drag coef-
ficient. As reviewed by English (1973), the coeffi-
cient v depends on several factors, such as the pres-
sure and temperature of the air, and the shape and
surface roughness of the hailstones. As in Waldvogel
et al. (1978a), the value used in this work is vy
= 13.96 m s~! cm™'/? corresponding to v(D) in m s
and D in cm. This value is appropriate to smooth,
spherical hailstones falling in air with density equal
to that for average conditions on the high plains of
North America. For other values of vy the diagrams
in this work can be adjusted by multiplying the labels
on the isopleths by the appropriate constant factor.
The only isopleths affected by such an adjustment
will be those presented in the next section for £/N,,
E/N(), and W/No.

In the above diagrams the W/N, and Ny/N, axes
have been skewed at angles chosen such that the
separation between the AD,,. isopleths is a maxi-

(13)
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mum, thereby clearly displaying the sensitivity of the
hail parameters to changes in A and Dy, and/or D.
For example, the diagram in Fig. 1a demonstrates
that Ny/N, is not very sensitive to variations in D,,,
along an isopleth of A over the entire range of the
diagram, whereas W/N, is much more sensitive to
such variations. As a specific example, for A = 1
cm™!, Nr/N, decreases by about a factor of 2 when
Dyax varies from 5.0 to 0.5 cm, but for the same
variation in Dy., W/N, decreases by almost three
orders of magnitude. For A > 4 cm™! the change in
Nr/N, for the same variation in Dy, is < ~10% but
the change in W/N, is still large, amounting to al-
most an order of magnitude in some cases. These
variations would not have been perceived had the W/
Ny and Ny/N, axes not been skewed. In fact, with
rectangular axes all of the region of the diagram in
Fig. la bounded by the A=1.0cm™, A = 10.0cm™!,
Dpax = 0.5 cm and Dy, = 5.0 cm isopleths would
be crowded so closely together that it would be dif-
ficult to detect changes in W/N, and Ny/N, due to
variations in either A or D,,,.

Inspection of Fig. 1b when overlaid on Fig. la
shows that isopleths of D,, are quite similar to those
of D, whereas isopleths of D are not at all like those
of either Dg or D,,. In other words, the isopleths of
D,, and D, are essentially parallel so that these two
spectral parameters are practically identical over the
full range of values of A and D, spanned by the
diagram. To illustrate this another way, the ratios
D/D, and D,,/D, have been calculated from Egs.
(6)-(8). These ratios are dependent solely on the
product AD,,, and are plotted in Fig. 2 over the
interval 0.1 < AD,,x < 100. It is seen from this figure
that D, is always within 10% of D,, whereas D/D,
varies by more than a factor of 2. This result is par-
ticularly important in connection with the analysis
of hail size spectral data since D,, is a more conve-
niently calculated quantity than D,. In addition, the
result found for D,, from experimental data would
be statistically more representative than D. This oc-
curs because in calculating D, the diameter is
weighted according to the mass of the hailstone
which therefore places greater emphasis on the range
of diameters in the center of the spectrum near D,
whereas computation of D places greater emphasis
on the part of the spectrum with small diameters and
large numbers of hailstones. This means that hail-
stone measurement methods which cannot detect
hailstones with diameters less than a minimum di-
ameter will still produce statistically meaningful re-
sults for D,, since the .small diameter hailstones con-
tribute little to the computation of this spectral
parameter. These results are evident in the analysis
of hailstone size distributions described by Weber
(1976).

Many more comparisons of this type are possible;
there are far too many to describe all of them in this
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work. One interesting application of the diagram is
shown in Fig. 3 where the results of several workers
are displayed for experimentally-determined hail-
size distribution parameters, For clarity only the
isopleths of A, Dy and ADy,., are shown and they are
unlabeled but can be identified easily by comparison
with Figs. 1a and 1b. The triangles represent the
results of Federer and Waldvogel (1975) for time-
resolved hailstone size spectra measured on a hail
platform in Switzerland, the diamond corresponds
to the average of 67 hail spectra measured in Canada
by Douglas (1963), the asterisks are hail spectra
determined by Atlas and Ludlam (1960) for two
storms in England, and the cross represents the av-
erage of spectra for three storms measured in Kenya
by Rinehart (1975). Each of these data points was
plotted using the values of A and Dy,, determined
from the hailstone distribution measured at the sur-
face. Also, shown in Fig. 3 as squares, are the results
obtained by Ulbrich (1977) using the Doppler radar
spectra measured aloft by Battan and Theiss (1972).
These points were plotted using the values of D, and
Dyox deduced from the Doppler radar measurements.
The procedure by which these parameters are found
from the radar data is detailed by Ulbrich (1977).
All of these results lie within a narrow region of the
diagram near the left boundary in the region for
AD,,, > 5 which suggests that for most hail spectra
the product AD_,, can be assumed large. It has been
shown by Ulbrich (1974, 1977) that such an as-
sumption considerably simplifies the analysis of Dop-
pler radar spectra of hail and removes the ambigu-
ities inherent in such analyses. In the next section
this result will be used to construct an alternative
form of hail parameter diagram.

One of the advantages of using N, as a normalizing
divisor in the base diagram is that it permits display
of hail parameters as determined by hailpads when
the time duration of hailfall is not known. Such data
consist of numbers of hailstones n(D;) hitting the pad
within a diameter category of width AD; and with
central diameter D;. If the fallspeeds of the hailstones
are assumed to have the form of Eq. (13), then the
volume distribution of hailstones N(D;) above the
hailpad is found from

n(D;) n(D,)

NDi = = .
(D) Av(D)AIAD;, ~yAAtD}*AD,

(14)

where A is the area of the hailpad and Az is the time
duration of hailfall. When an exponential distribu-
tion of the form of Eq. (1) is fitted to the data defined
by Eq. (14), the result found for A will not depend
on the constants vy, 4 or At but N, will be inversely
proportional to the product yAAt. Consequently,
hailpad data can be plotted on the hail parameter
diagram by several different methods all of which
do not require knowledge of Ar. For example, the
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m ULBRICH (1974)
& DOUGLAS (1964)
¥ ATLAS 8 LUDLAM (i1960)
X RINEHART (1975)

F1G. 3. Experimental hail parameters of several workers plotted
on the three-parameter base diagram. See text for further details.

parameter A can be determined by plotting the hail-
pad data semi-logarithmically and estimating A from
the slope of the resultant straight line. This value of
A together with the value of the maximum hailstone
diameter D,,,, define a point which can be plotted
on the diagram, Another method involves computing
W and Ny from the equations

s

W=

p 2 DIN(D)AD; (15)

and

Np= 2 N(D)AD, . (16)

The ratio W/Nr is then independent of At and the
exponential approximation to this ratio formed from
Eqgs. (2) and (3) is independent of N, and dependent
only on A and the product AD,,. That is, Egs. (2)
and (3) yield

w _Tp i P(4, ADmax)

Nr 6 A*T(1, ADpy)

(17)
With A again estimated from the slope of a plot of
InN(D;) vs D,, Eq. (17) becomes an equation for the
product AD,,,. Its solution therefore produces a da-
tum on the diagram defined by the two parameters
A and AD,.,.. The advantage of this method is that
it avoids the sampling problems inherent in estima-
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1976 NHR.E. .
HAILPAD DATA

F1G. 4. Experimental hail parémeters as determined from 1976 National Hail
Research Experiment hailpad data plotted on the three parameter diagram. A total

of 993 points is plotted on this diagram.

tion of the maximum diameter D_,, from the hailpad
data.

The hailpad data collected by the National Hail
Research Experiment in 1976 in northeast Colorado
have been used in a procedure like that described
above and the results are plotted in Fig. 4. Each of
the points was plotted using the values of A and D,
found by the method described in the Appendix. As
in Fig. 3, the overwhelming majority of the data lies
near the left boundary of the diagram in the region
of large AD.,,. Those points which lie in the region
for AD.,., < 5 describe images of the isopleths of
D,..x which is a reflection of the fact that the hailpad
data are classified in size categories of finite width.
Hence, only discrete values of D, are possible cor-
responding to the upper bounds on each of the cat-
egories. 90% of the points lie in the region of the
diagram where AD.,, = 5 and 66% have AD,,,
= 7. Other details concerning these hailpad data and
alternative methods of analysis are given in the Ap-

pendix where it is shown that the method used in
arriving at these results may be considered as yield-
ing values of AD_ ., which are smaller than those
obtained using Eq. (17). It may therefore be con-
cluded that for almost all meteorological situations
involving hail, it is valid to approximate hailfall pa-
rameters by their large AD.,, limits as found from
their definitions given above. However, there is a suf-
ficiently large number of cases in these data for which
AD,,, is small that the large AD,,,, approximations
should be used with caution.

b. Radar overlays

The radar measurables considered in this work are
the equivalent radar reflectivity factor Z (mm® m™3)
defined by

A“' Dinax

B w|k|* Jo

106\*

Z N(D)oy(D)dD = m B, (18)
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the mean Doppler fallspeed in still air 9y (m s™!)
given by

By = By f " DOSN(DYoKDYD  (19)

0

and the variance of the Doppler spectrum ¢,? (cm?)
defined by

Dinax

ot = 7 [ (D% — DOSYN(D)a DD, (20)

where |k|> = 0.93 is the refractivity factor for water,
os(D) (cm?) is the backscattering cross section of a
hailstone of diameter D, § is defined by the integral
in Eq. (18) and A (cm) is the radar wavelength. The
diameter D, is defined by 9 = vD,*°. These defi-
nitions for 97 and op” correspond to hail at vertical
incidence.

In computing Z, ¥r and o,° the backscattering
cross sections of Battan et al. (1970) for spherical
hailstones have been used. Calculations have been
performed for A = 3.21, 4.67, 5.50 and 10.0 cm and
for hailstones with a thin coating of water of thick-
ness ¢ ranging from 0.0 to 0.5 cm. In this work only
those results for A = 3.21 and 10.0 cm and for ¢
= 0.0, 0.01 and 0.05 cm are examined. The two con-
ditions ¢ = 0.0 and ¢ = 0.01 cm are referred to here
as dry hail and wet hail, respectively.

dB
Z,/MNo, \=321 cm ™~
——DRY HAIL {£=0.0)

—— WET HAIL (¢=0.01 c¢m) 57

F1G. 5a. Radar overlay for three-parameter diagram showing
isopleths of Z/Ny(dB) for A = 3.21 cm and for dry hail (heavy
curves) and wet hail (light curves).
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Z/Ng, A=10.0cm

——DRY HAIL (1=0.0)
—— WET HAIL (t =0.0! cm)

FIG. 5b. As in Fig. Sa except A = 10.0 cm.

Isopleths of Z/N, are shown in Fig. 5a for A
= 3.21 cm for dry hail and wet hail. The correspond-
ing isopleths for A = 10.0 cm are shown in Fig. 5b.
The isopleths are labeled in dB for the quantity Z/
Nj, so that an isopleth bearing the label 40 dB cor-
responds to log,o(Z/Ny) = 4 or Z/N, = 10* mm® cm.
To convert the isopleths to dBZ for the quantity Z
it is merely necessary to add 10 log;o/Ny to the label
values. For example, the average spectrum for the
Federer and Waldvogel (1975) data has A = 4.2
cm™! and Dy, = 2.0 cm which defines a point on the
hail parameter diagram through which the Z/N,.
= 33 dB wet hail isopleth passes. In addition, for this
average spectrum Ny = 121 m® cm™ so that 10
log1oNo = 21 and Z =~ 54 dBZ which agrees very
well with that found from the experimental size spec-
trum data for wet hail.

Calculations of equivalent reflectivity factor sim-
ilar to those shown here have been performed by
Atlas and Ludlam (1960) as a function of radar
wavelength and maximum hailstone diameter. They
display Z versus A and D, for dry hail (+ = 0.0)
and wet hail (¢ large, i.e., ¢t > 0.1 cm) for specific
values of the distribution parameters, viz., A = 1.3,
1.54,1.8,2.27 cm™! and Ny = 40 cm™! over the ranges
1.8 < XA < 10.0 cm and Dy, < 6.0 cm. Although the
results for large ¢ are not shown in this work, ex-
amination of the results for dry hail in Figs. 5a and
5b for A = 3.21 and 10.0 cm, respectively, shows that
they are in excellent agreement with the Z values
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Y£10-10g,(72)

— ———DRY HAIL (1=0.0)

WET HAIL (t=0.0lcm)

F1G. 6a. Radar overlay for three-parameter diagram showing
isopleths of Z,,/Z,(dB) for dry hail (dashed curves) and wet hail
(solid curves). See text for further details.

found by Atlas and Ludlam (1960) for the four spec-
tra considered by them.

Although the isopleths for dry hail in Figs. 5a and
5b are similar at small Dy’s, for Dy 2 1.5 cm the A
= 10.0 cm isopleths carry labels about 10 dB greater
than those for A = 3.21 passing through the same
point on the diagram. Similar remarks hold for the
wet hail isopleths. This is displayed more clearly in
Fig. 6a where the quantity Y’ = 10 log,o(Z,0/Z;) is
plotted on the diagram, where Z,, and Z; are the
reflectivity factors for A = 10.0 and 3.21 cm, re-
spectively. It might be concluded that this ratio
would be a good measure of the size spectrum pa-
rameters; however, the isopleths in Fig. 6a possess
behavior which results in ambiguity that cannot be
resolved. For example, suppose that the hail is wet
(r = 0.01 cm), A = 10.0 cm, Y’ = 10 log,(Z,0/Z3)
= 10 dB and Z,,/N, = 60 dB. Then the diagram
shows that these data define three points for which
D and D, can have any of the three pairs of values
(1.7, 2.5 cm), (1.9, 3.0 cm) or (2.0, 3.5 cm). To
unequivocally identify the spectral parameters it
would be necessary to introduce a third measurable.
This result has been noted by Atlas and Ludlum
(1961) who attempt to infer the maximum size of
hailstones produced by a storm in England from
measurements of Z at three wavelengths.

Isopleths of Z/N, for ¢ > 0.01 cm are not shown
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in this work; they are similar in shape to those for
t = 0.0 and 0.01 cm in Figs. 5a and 5b. However,
the quantity Y’ = 10 log;o(Z,0/Z5) for z = 0.05 cm
is shown in Fig. 6b and the results are representative
of what is found for all values of ¢ = 0.05 cm. As
in Fig. 6a, the isopleths in Fig. 6b display behavior
which results in ambiguity in the values found for
the size spectrum parameters. However, Figs. 6a and
6b differ in some very important respects. For ex-
ample, Y’ can have much larger values for ¢ > 0.05
cm than for ¢ < 0.05 cm, especially for large Dy’s.
In addition, there exist large areas in Fig. 6b where
Zp < Z5(i.e., Y' < 0). Extension of Fig. 6a to values
of D < 0.5 cm would not produce values of Y’
<0, i.e., the ratio Z,y/Z; is always greater than one
for all values of A and Dy, when ¢ < 0.05 cm. How-
ever, for 1 = 0.05 cm, Y’ < 0 when D, € 1.2 cm
(or when Dy < 1.0 cm). These results are in agree-
ment with those found by Srivastava and Jameson
(1977) who calculate Y for a monodisperse spectrum
and find that Y’ < 0 for ¢t = 0.05 cm and 0.5 < D
< 1.0 cm. They conclude as a result of these findings
and other considerations that the dual-wavelength
hail detection method of Eccles and Atlas (1973) is
not useful for delimiting the boundaries of hail re-
gions.

In spite of the ambiguities inherent in using Fig.
6 to deduce hailstone sizes, it is apparent that values
of Y’ > 0 are always associated with hail when ¢
< 0.05 cm and Y’ < O only when ¢ = 0.05 cm and

dB

Y=10-log (32)

~——-WET HAIL (t=0.05 cm)

T

FIG. 6b. As in Fig. 6a except for wet hail with ¢ = 0.05 cm.
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Dy < 1.0 cm (i.e., small, wet hail). This is an im-
portant result which has been employed by Jameson
and Heymsfield (1980) in deducing the properties
of hydrometeors in a hailstorm from dual-wavelength
radar data and simultaneous aircraft penetrations.
They find extensive regions in the storm where Y’
< 0, the temperature is less than —10°C, and there
is negligible liquid water. The results presented here
are consistent with their conclusion that the hydro-
meteors in these regions cannot be spherical hail, dry
or wet, but must be predominantly graupel and ag-
gregates.

One of the interesting features of the isopleths in
Figs. 5a and 5b is that they are roughly perpendicular
to the ADp,, isopleths in Fig. 1b. This means that
Z /N, will be fairly insensitive to changes in AD,,,
along isopleths of the spectral parameters Dy, D, D,,
etc. An important consequence of this result is that
within reasonable accuracy (i.e., =2 dB) it is not
necessary to specify all three parameters to deter-
mine Z. In other words, Z can be sufficiently defined
from knowledge of only NV, and one other spectral
parameter, such as D,. This has been demonstrated
in the analysis of Doppler radar spectra of hail by
Ulbrich (1977).

Isopleths of the mean Doppler fallspeed v at ver-
tical incidence and in still air are shown in Figs. 7a
and 7b for A = 3.21 and 10.0 cm, respectively. It is

v, (m s, A=32] cm

DRY HAIL (£=0.0)
WET HAIL {t=0.0t cm)

F1G. 7a. Radar overlay for three-parameter diagram showing
isopleths of mean Doppler fallspeed o (m s™') for A = 3.21 ¢m
and for dry hail (heavy curves) and wet hail (light curves).
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LVT(m sh), A=10.0 ¢cm |

DRY HAIL (t=0.0)
WET HAIL (1=0.01

F1G. 7b. As in Fig. 7a except A = 10.0 cm.

immediately apparent from these figures that there

-is not much difference between the v isopleths for

dry and wet hail except at Dy > 2.0 cm. In addition,
these isopleths show that Dy is not very sensitive to
changes in AD,,, along an isopleth of Dy so that only
one spectral parameter is needed to specify the mean
Doppler fallspeed. This consequence has also been
exploited in the analysis described by Ulbrich (1977)
where it has been shown that there exists a simple
power-law relationship between ¥ and Z for hail.
Consequently, measurement of Z determines 7 di-
rectly and the difference between the measured mean
Doppler velocity and 9y determines the storm up-
draft. These points have been illustrated by Ulbrich
(1977) through analysis of the vertical Doppler data
of Battan and Theiss (1972) and of Strauch and
Merrem (1976).

The final set of radar overlays are shown in Figs.
8a and 8b where isopleths of the variance of the
Doppler spectrum o,° are shown for A = 3.21 and
10.0 cm, respectively. These curves are very different
from those shown in previous figures in that the
isopleths are roughly parallel to the Dy, isopleths
in Fig. 1a. That is, the change in 6,2 along an isopleth
of Dy, is small whereas along an isopleth of D, there
are large changes in o within the region defined by
the base diagram. Closer examination of these iso-
pleths shows that for almost all of the diagram and
for both radar wavelengths considered here, ¢,°
<2 m?s 2 when Dy © 1.0 cm and op? > 4 m? s72
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a:rl.)2 (m?s73), A=3.21 cm

DRY HAIL (t=0.0)

FIG. 8a. Radar overlay for three-parameter diagram showing
isopleths of Doppler variance ¢,2 (m? s72) for A = 3.21 cm and
for dry hail (heavy curves) and wet hail (light curves).

when Dpax = 2 cm and Dy = 0.9 cm. These results
are in accord with those of Donaldson and Wexler
(1969) who calculate op? as a function of Dy,, for
the single value of A = 2.93 cm™ and for A = 3.2,
5.4, and 10.7 cm. They compare their calculations
with data for a thunderstorm which did not produce
hail at the ground in New England and conclude that
op? > 4 m? s™% indicates large hail in the radar pulse
volume and o,? > 2 m? s7? indicates small hail and/
or light to moderate turbulence. However, Boston
and Rogers (1969) have performed similar calcula-
tions and conclude that the influences of turbulence
and shear are so strong that the Doppler variance
cannot be used as a completely reliable indication
of hail. Nevertheless, Z and the mean Doppler ve-
locity are not affected by turbulence, so that their
measurement at vertical incidence is sufficient to
determine the distribution parameters N, and A. The
value found for A then gives the maximum diameter
D, as well as the “intrinsic” Doppler variance of
the particle size distribution. The difference between
the measured and “intrinsic” Doppler variances
therefore gives the part of the variance due to tur-
bulence and other effects. The details of this pro-
cedure are given by Ulbrich (1977) and illustrated
using the vertical Doppler data of Battan and Theiss
(1972). '

VOLUME 21

3. Two-parameter diagram
a. Base diagram

It has been shown in the previous section that in
most cases it is appropriate to take ADy,, as large.
In such cases the definitions of the hail parameters
given previously become much simpler. For example,
Eq. (2) becomes

W=mp % = 0.0173pNoDy*, (21)
Eq. (3) becomes
Np= ]—X—° = 0.272N,D, , (22)
Eqgs. (10)-(12) reduce to
E = 0.0027py? % = 9.4 X 107%v2NoD,’, (23)
E = 0.004367p7* f’s% = 1.07
X 10750y NoDy*3, (24)
W = 1.94wpy % = 1.75 X 1072pyNoDo*s.  (25)

All of the above integral quantities are now functions
of only two parameters, viz., Ny and D, which means

o-D2 (m%s2), A=10.0 cm

DRY HAIL (t1=0.0)
WET HAIL(t=0.0l c¢m)

F1G. 8b. As in Fig. 8a Iexcept A = 10.0 cm.
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FIG. 9a. Two-parameter base diagram. Isopleths of Ny, W, W and E are shown as light
solid, light dashed, heavy solid and heavy dashed lines, respectively. The units of the labels

on the isopleths are shown on the diagram.

they may be represented on a two-dimensional hail
parameter diagram without need for normalization
as was the case in the previous section. One method
of displaying the relationships among these quan-
tities is shown in Fig. 9a which is a plot of D, on the
vertical axis versus kinetic energy content E on the
horizontal axis and with isopleths of Ny, W, W and
E. Note that since all of the expressions for these
integral quantities involve the product of N, and a
power of Dy, then all of the isopleths in Fig. 9a are
straight lines on this log-log plot. Only those iso-

pleths which increase by powers of 10 are shown, but
because of the simplicity of the diagram it is easy
to draw isopleths for intermediate values if desired.
A plot of Dy vs E has been chosen here because it
produces the greatest angles between the isopleths,
thus providing maximum clarity. Also shown in Fig.
9a is a scale of A (cm™') on the right side of the
diagram corresponding to the large ADy,, limit AD,
= 3.672. This scale can also be transformed to a scale
for any of the other spectral parameters defined ear-
lier since they are all now functions of only A (or

T llllllll T I!IIIII] T IIIIIHI H Illlllll T T T TTTTT
L Np(mD) nO.5)(m™3)-—=-- n{LO) (m™¥ ——— 1
i 1073 1072 B
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2.0+
- 10
EF
o
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Qo5+
0.2t
o' 1 1lllllll 1 IlllllII i Illlllll i | - 1[ 1 1 {131
074 o3 1072, o 10° 10!
E(IJm™)

F1G. 9b. Supplement to two-parameter base diagram showing isopleths of Ny, n(0.5) and
n(1.0) as light solid lines, dashed curves and heavy curves, respectively. The units of the labels
on the isopleths are shown on the diagram.
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TABLE 1. Relationships among integral hail parameters and the
fractional changes in these parameters at constant liquid water
content.

Fractional change at

Relationship canstant W
n(1.0) = 15.7p' WDy exp(—3.67/Dy) ‘:’ = '%DOB
E =543 % 107yWD, % - %‘:’ -2
E=6.18 X 107'v*WD,"* fg =15 %D: = 1,5§6—:
W = 1.01y WD 6—}' 0.5 "7% =o05:%"
Ny= 157" WDy ‘7"’: -3 %209 - _3;"7"

$=(=3 + 3.672/Dy)™"

D,). That is, Egs. (7)-(9) now become D = A~Y, D,,
= 477" and ¢ = A2, respectively. Although Fig. 9a
has been constructed for AD,,,, — oo it is essentially
unchanged for all values of AD,,, > 5.

Fig. 9b shows isopleths of N and n(d), where n(d)
is the number of hailstones greater than a minimum
diameter 4, i.c.,

°° No _
n(d) = f ND)D = e (26)
d
The isopleths of n(d) illustrate an interesting effect
which occurs when modification of the hail size spec-

trum occurs at constant liquid water content. When -

Fig. 9b is overlaid on Fig. 9a and changes are con-
sidered along an isopleth of W, then it is found that
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will produce a decrease in E, E and W, and an in-
crease in Ny, provided Dy < 1.224 cm. For D,
> 1.224 cm, a decrease in n(l 0) at constant W will
result in an increase in E, E and W with a concom-
itant decrease in Nz These results can be demon-
strated in another way using Egs. (21)-(26). If N,
is eliminated between Eq. (21) and each of Eqs
(22)-(26), the resultant expressions are as shown in
the first column of Table 1. These expressions, in
turn, imply that the fractional changes in each of
these integral parameters are as shown in the second
column. It is seen that { = [-3 + (3.672/D,)]™"
> 0 when Dy < 1.224 cm so that én < 0 at constant
W will produce 8E < 0, 0E < 0, W < 0 and 8Ny
> 0. In similar fashion, when Dy > 1.224 cm, ¢
< 0 so that én < 0 at constant W will result in 6F
> 9, 6E > 0, 3W > 0 and 6N < 0. These results may
have ramifications regarding concepts involved in
seeding hailstorms to reduce the physical damage
caused by hailfall.

b. Radar overlays

Isopleths of equivalent radar reflectivity factor Z
(dBZ) are shown in Fig. 10a for A = 3.21 cm and
in Fig. 10b for A = 10.0 cm. If isopleths are desired
for values of Z or for water thicknesses and wave-
lengths different from those shown in Fig. 10, they
can be easily generated using the large AD,, ap-
proximations to Z given by Ulbrich (1977) where Z/
N, is given as a power law in D,. However, the curves
of Z/N, vs D, displayed in the latter work show slight
curvature on a logarithmic plot which can be ac-
counted by the empirical form

reducing n(1.0) (the number of hailstones > 1.0 cm) Z = aNyD™e P 27
“T_I'|I‘|—r|'l B R B | l|l||| T T m1lll T L IIIIT[ T 1T TF1TT
L ISOPLETHS OF 2(dBz), A=3.2l cm 1l
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FI1G. 10a. Radar overlay for two-parameter diagram showing isopleths of Z for A
= 3.21 cm and for dry hail (solid curves) and wet hail (dashed curves). The units of

the labels on the isopleths are dBZ.
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F1G. 10b. As in Fig. 10a except A = 10.0 cm.

Eq. (27) has been fitted to the curves found by nu-
merical integration of Eq. (18) and the results found
for @, m and € are given in Table 2 for A = 3.21,
5.50 and 10.0 cm and ¢ = 0.0, 0.01, 0.05 and 0.1 cm.
Eq. (27) is an excellent fit to the curves found by
numerical integration over the full range ¢ < D,
< 2.6 cm. In fact, the average deviation of this equa-
tion (without regard for sign) from any curve found
from Eq. (18) with AD,,, = 5 is less than 1 dB.
An interesting feature of the isopleths of Z in Fig.
10 is that they are roughly parallel to the isopleths
of E and E for A = 3.21 cm and are closer to being
parallel to those for E for A = 10.0 cm. The impli-
cation is that E and E are determined directly by Z
so that conventional radar measurements should be
sufficient to determine the kinetic energy content and
flux of hailfall. In fact, it has been shown by Ulbrich

(1978) that E is very closely proportional to Z at’

A = 3.21 and 4.67 cm, so that at these wavelengths
the relationship of E to Z is independent of fluctu-
ations in the distribution parameter N, At longer
wavelengths E is proportional to a power of Z less
than one (i.e., E oc Z° where s < 1) so that the E—
Z relatlonshlp is more sensitive to N, fluctuations.
Waldvogel et al. (1978a) have found similar results
from an empirical analysis of hailpad data assuming
Rayleigh scattering. Nevertheless, Waldvogel et al.
(1978b) show that the results found using such an
E-Z relation for the total hailfall kinetic energy for
large storms in Switzerland are in very good agree-
ment with that measured at the surface by hailpads.

An application of the two-parameter diagram is
shown in Fig. 11 on which D, is plotted versus E for
more than 50 experimental hailsize distributions.
These include the 28 spectra of Federer and Wald-
vogel (1975) and the 12 spectra of Ulbrich (1977)
referred to in the previous section as well as the six

spectra of Dennis et al. (1971) which were measured
with a momentum sensor at the surface in South
Dakota and the seven spectra depicted by Spahn
(1976) which were measured by an airborne pho-
toelectric particle detector in Colorado. Also shown
are the N, isopleths and wet hail isopleths of Z for
A = 3.21 cm. The latter isopleths are shown because
the spectra due to Ulbrich (1977) are deduced from
the Doppler radar data of Battan and Theiss (1972)
which involve a radar wavelength of 3.2 cm. In fact,
these data points were plotted in Fig. 11 using the
Z isopleths and the value of D, deduced from the
experimentally measured reflectivity factor and mean
Doppler velocity with the methods described by Ul-
brich (1977). All other points in Fig. 11 were plotted
using the values of D, and E calculated from the
measured hail size distributions.

It is apparent that there is large scatter in these

TABLE 2. Values of constants in large ADy,, approximation.
*

Z = aNyD,"e™*
A (cm) t (cm) a m €
0 4.67 X 10° 5.97 0.629
391 0.01 1.09 x 10* 5.88 0.967
: 0.05 1.65 X 10° 6.90 2.43
0.10 2.63 X 10° 7.05 2.67
0 4,05 X 10* 7.40 1.70
5.50 0.01 1.69 X 10° 6.10 0.629
’ 0.05 521 X 10° 8.19 2.40
0.10 1.49 X 10° 8.68 2.99
0 2.89 X 10* 7.37 0.844
10.0 0.01 5.95 X 10* 6.95 1.07
‘ 0.05 2.71 X 10* 6.39 0.234
0.10 2.16 X 10° 7.94 0.931

* Z (mm® m™?), No (m~® cm™), Dy (cm).
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FiG. 11. Experimental size distribution parameters plotted on the two-parameter
diagram. Also shown are isopleths of NV, (heavy solid lines) and Z for A = 3.21 cm and
wet hail (z = 0.01 cm) (dashed curves). The units of the labels on the isopleths are

shown on the diagram.

data. The variation in N, is large, ranging over more
than two orders of magnitude, with most of the data
falling between the Ny = 10' and 10> m™ cm™ iso-
pleths. This variation in N, is at least as large as that
found for rainfall spectra and is further evidence of
the need for determining at least two remote mea-
surables to uniquely specify precipitation parame-
ters. These points have been discussed in detail by
Atlas and Ulbrich (1974) and Ulbrich and Atlas
(1977, 1978) in connection with the remote mea-
surement of rainfall parameters, and their remarks
can be carried over into the present work regarding
the remote measurement of hailfall parameters.

. In spite of the large scatter, the data in Fig. 11
show a tendency toward a systematic variation of D,
with E. This suggests that in those cases where only
one measurable is available it is possible to obtain
an estimate of hailfall parameters from the use of
an empirical equation. To illustrate this the data of
Federer and Waldvogel (1975) have been subjected
to an empirical analysis in which relationships of the
form Z = aX*(X = W, E, W or E) have been de-

TaBLE 3. Empirical relations derived from the data of Federer
and Waldvogel (1975) and Ny-D, relations implied by them.
Calculations involving Z assume radar wavelength A = 10.0 cm
and wet hail (z = 0.01 cm).

No—D, relation implied

X Z = aXx* X = aD® by X-D, relation
w Z=922X10°w'® W = 1.49D,*% No = 95.6D°%°
E Z=132X 10" E"* E = 0.162D** No = 98.0D%%
w Z =407 x10*wW'" W = 21.7D** No = 98.8D°*
E Z = 6.44 X 10° E'*® E = 246D ® No = 93.8D>%

termined with Z calculated for A = 10.0 cm and ¢
= 0.01 cm_ (wet hail). The resultant Z—X relation-
ships are listed in Table 3 and are plotted on the two-
parameter diagram in Fig. 12. They are in good
agreement with those found by Waldvogel et al.
(1978b) when their relations are corrected for non-
Rayleigh scattering in the manner suggested by
them. :

All of the Z-X relations shown in Fig. 12 differ
very little over the range of the diagram within which
the Federer and Waldvogel data lie. These results
demonstrate a point made by Atlas and Ulbrich
(1974) in connection with the remote measurement
of rainfall parameters, viz., a relationship between
any two integral parameters automatically implies
all other empirical relations between all other pairs
of integral parameters. In addition, such empirical
relations imply other relations between the size dis-
tribution parameters Ny and D,. This is most easily
demonstrated through an empirical analysis in which
equations of the form X = aD,® are fitted to the
experimental data (where X = W, E, W or E). The
results are shown in the second column of Table 3
and are plotted in Fig. 12 where they are all rep-
resented by the same heavy solid straight line. The
similarity of all of these X—D, relations is also evident
from the third column in Table 3 which lists the Ny~
D, relations deduced by substituting the empirical
X-D, relations-into the theoretical definitions in Egs.
(23), (25)-(27). There is virtually no difference
among the Ny-D, relations in Table 2 over the range
of D, values in the Federer and Waldvogel data.

It is apparent from the empirical relations plotted
in Fig. 12 that the No—D, relation implied by all the
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F1G. 12. Empirical relations deduced from Federer and Waldvogel (1975) data plot-
ted on the two-parameter diagram. Also, shown are isopleths of N, (dot-dashed lines)
and Z for A = 10.0 cm and wet hail (# = 0.01 cm) (solid curves). The units of all

quantities are the same as in Figs. 9 and

X-D, relations is different from that implied by an
Z-X relation. This probably is due to the fact that
the Z-X analyses involve pairs of extensive integral
parameters whereas the X—Dj fits involve one integral
parameter and an intensive size spectrum parameter.
This indicates that an Ny-D, relation must be used
with care in deducing size spectrum parameters.

Another application of the two-parameter diagram
involves the determination of error which results
when the pulse volume contains both hail and rain.
In such a circumstance the measured total reflectiv-
ity factor Z, will be given by

ZT=ZH+ZRa (28)
where Zy is the equivalent reflectivity factor due to
the hail in the pulse volume and Zj is the reflectivity
factor due to the rain. This can be rewritten in the
form

Zr=nZy, (29)
where n = 1/(1 — r) and r is the fractional part of
the reflectivity factor due to rain, i.e., r = Zg/Zr.
The variation of Zy with Zy, Zz and r is shown in
Fig. 13 where Z is plotted versus Z, with the solid
curves representing isopleths of Zz labeled in dBZ.
Also shown are isopleths of r as dashed lines labeled
along the top of the diagram. Z; deviates from the
Zg = 0 (no rain) isopleth by only 3 dB when r = 0.5,
i.e., equal contributions to Z; due to rain and hail.
Along the r = 0.1 isopleth the difference is hardly
perceived and amounts to only 0.5 dB. However, it
will be shown below that the presence of rain in the
pulse volume in amounts such that r = 0.2 can se-
riously affect the values found for integral parame-

10.

ters such as W, E and E even though the dlfference
between Zy and Z; may be small.

To show the effect on the Z isopleths of the two-
parameter diagram, consider the approximate form
for Zy given by Eq. (27); using Eq. (29) above this
becomes

Zr = nalNoDy"e™™
Since this equation contains 7 simply as a multipli-
cative factor, the diagrams in Fig. 10 can still be
used provided the Z isopleths are relabeled by adding
10 logon to each of the labels (assuming of course
that r is known). The remaining isopleths for N, D,
W, E, W and E will be unaffected by such a change.
The values deduced for these parameters from a
measured value of Z, will obviously be different from
those found by taking n = 1 (i.e., » = 0, no rain) and
since two quantities are required to uniquely specify
a point on the diagram the effect of taking n > 1 will
depend on the location along the Z isopleth. For ex-
ample, dividing Eq. (21) by Eq. (30) yields

W = 7' Z7c,Do* e,

(30)

(31)

where ¢, = 0.0173p/a. This result shows that taking
7 > 1 will reduce the value found for W proportion-
ally provided D, is held constant. To account for
variations in D, it would be necessary to introduce
a second measurable which would be used together
with Z; to find W.

Another approach which can be followed to esti-
mate the effects of taking n > 1 uses the results of
the empirical analysis described above. Table 3
shows that the empirical relations between Z, and
each of the integral parameters can be written in the



38

JOURNAL OF APPLIED METEOROLOGY

VOLUME 21

() 2]

Q
—_— o
r o o2 01/09 Oy

70
/_ZR(dBZ)

65—

60 60~ « —

(dBz)
\
AN
\

7 50

Z
ANIAN

40

30 L

o
Al
Ve . N,
7/ / ~
7/

| |

50 60 70

Z,,(dB2)

F1G. 13. Variation of total reflectivity factor Z; with the contributions
due to hail (Z,) and rain (Zy). Isopleths of Zg and r = Zr/Zr are shown
as solid curves and dashed lines, respectively. The units of all quantities

are shown on the figure.

form Z, = aX?®, where b = 1.23, 1.14, 1.19 and 1.09
for X = W, E, W and E, respectively. Substituting
for Z, using Eq. (29) and solving for the integral
parameter X gives X oc n*Z; = (1 — r)’Z; where
v = 1/b. This means that f, the fractional difference
between W as determined by taking r = 0 and

RAINFALL RATE (mm h™"
- ™

| 00%

~0.7
—0.6
—0.5

—0.4
—0.3

~0.2

F1G. 14. Variation of Z,, and Zg with Z; and r, where r = Zy/
Z7. Isopleths of Z, and Zk are shown as dashed curves and solid
lines, respectively. The Z isopleths can be converted to rainfall
rate isopleths using the scale at the top of the figure. The scale’
at the right gives the fractional error in W which results from
neglect of the rain part of the reflectivity factor. See text for further
details.

that corresponding to » > 0, is given by f =
(1 —r)y”—1.Since b > 1 (v < 1) for all of the b’s
listed above, the value found for an integral param-
eter X assuming r = 0 will always be greater than
the actual value. For example, with X = W, b = 1.23
(v = 0.81), so that a 10% contribution to Z due to
rain (r = 0.1) results in an 8% overestimate in" W
when it is assumed that r = 0. When r = 0.2 (a 20%
contribution due to rain), the assumption of no rain
will result in about a 17% overestimate of W using
the measured value Z. It is obvious that useful re-
sults will be obtained only when r < 0.2 or, in other
words, Zz/Z, < —7 dB. Although this may at first
seem to be a stringent restriction on the utility of the
diagrams in this work, a closer inspection shows that
in heavy hailfalls a value of r = 0.2 corresponds to
substantial rainfall rates.

As a specific example, assume that the hailfall is
described by size distribution parameters similar to
those for the average spectrum observed by Federer
and Waldvogel (1975), viz., Np ~ 100 m™® ¢cm™! and
Dy =~ 1.0 cm. Fig. 10b shows that for these param-
eters Zy ~ 63 dBZ so that the assumption that r
= 0.2 means that Z; ~ 56 dBZ. Using an empirical
Zg-R relationship for thunderstorm rain of the form
Zg = 486R"¥ [cf. Battan (1973)] it is found that
for these conditions R = 134 mm h~!, Other com-
binations of parameters, of course, are possible and
these are depicted in Fig. 14 where r is plotted versus
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Zy with the solid straight lines and dashed curves
representing isopleths of Z; and Z,, respectively,
labeled in dBZ. The Zy isopleths can be transformed
to R isopleths using the scale at the top of the dia-
gram. Also shown on the right of the diagram is a
scale of f, the fractional difference in W as deter-
mined from Z, with r = 0. Since all the b’s listed
above are similar, scales of f for W, E and E would
be very much like that shown for W in Fig. 14. This
diagram shows that in heavy hailfalls (Z, > 60
dBZ), acceptable levels of error (f < 0.2) will still
permit the existence of substantial rainfall in the
hailshaft.

In some large, single-cell hailstorms, spatial sep-
aration of the rain and hail at the surface has been
observed. For example, Browning (1964) has re-
ported surface observations for a storm in Oklahoma
for which the hail fell from the intense echo sur-
rounding the weak echo vault while the rain fell
ahead of this region on the storm’s left forward quad-
rant. The analysis of surface precipitation data by
Foote and Fankhauser (1973) for a hailstorm in
Colorado displays similar displacement of the hail-
swath from the region of most intense rainfall. If it
is possible in these large hailstorms to distinguish
between those parts of the radar echo which are rain
and hail, then the results presented here can be ap-
plied directly to the hail signal. Methods by which
such a distinction could be made might include the
dual-measurement techniques surveyed by Srivas-
tava and Jameson (1977) or the use of the ratio of
the reflectivity factors Z,, and Z, as recommended
by Jameson and Srivastava (1978). If, after such
delineation of the hailbearing regions, it is believed
that they contain a mixture of rain and hail, then the
rainfall rate in regions adjacent to the hailshaft can
be used to estimate r from which the expected error
in integral parameters can be deduced using the
methods described above. In any event, the mea-
surements by Waldvogel er al. (1978a) of rainfall
and hailfall at the surface for a large storm in Swit-
zerland show that r < 0.1 for almost the full duration
of hailfall at the measurement site. Furthermore,
Auer and Marwitz (1972) found r ~ 0 in 40 aircraft
encounters with hail at cloud base in the updrafts
of 15 storms in Alberta and Colorado. These results
suggest that the diagrams presented here can be used
for analysis of the radar signal from a hailshaft with-
out application of a correction for the part of the
reflectivity factor due to rain.

Given the fact there are at present no unequivocal
remote hail signatures, it is unlikely that it would be
possible to clearly and reliably distinguish hailshafts
from regions of rain such as those discussed above
for supercell storms. In addition, Dye and Martner
(1978) have shown that for Colorado hailstorms it
is not even possible to define a reflectivity threshold
which separates rain from hail. Nevertheless, Wald-
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vogel et al. (1978a) have devised a multiple regres-
sion technique, based on both radar and hailpad
measurements, to compute the kinetic energy of hail
reaching the surface. When the technique is applied
to storms in Switzerland to compute the “global”
kinetic energy (i.e., that for the entire storm), they
find standard deviations of 20% between the values
measured by the radar and the hailpad network.
While they note that it is not necessary to know the
exact contributions of rain and hail to the total re-
flectivity, it is implicit in their method that on the
average the contribution by rain is some fraction of
that due to hail at each reflectivity value. While the
results obtained in Switzerland are promising, their
generality remains to be determined. Clearly, there
is need for a great deal more data in various regions
of the world.

As a final example of the use of the two-parameter
distribution, consider the variation of Y’ = 10
log,(Z10/Z5) with D,. The dependence of Y’ on the
three-parameter distribution was discussed in the
previous section and illustrated in Fig. 6. In the limit
of large AD,,, this quantity is insensitive to changes
in ADp,,. This is illustrated in Fig. 15 where Y’ is
plotted versus D, for values of AD,,, = 5, 10, 15 and
for water thicknesses ¢ = 0.0, 0.01, 0.05, 0.1 cm. It
is apparent that Y is very closely a function of D,
only when AD_,, > 5. It is also obvious that Y’ in-
creases sharply as 7 increases when Dy > 1.5 cm. It
is unlikely, however, that such large values of Y’
would be observed since they correspond to unrea-
sonably large values of Z,o. To demonstrate that such
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FI1G. 16. Y’ = 10 log,o(Z,0/Z;) vs Z,, for values of water coating
thicknesses ¢ = 0.0, 0.01, 0.05, 0.1 cm and with Ny = 100 m™>
cm™! (heavy solid curves). Also shown as a shaded portion of the
figure is the region within which lies 90% of the observations of
Jameson and Heymsfield (1980). The squares are the data of
Dennis et al. (1971), and the triangles are points calculated from
the data of Federer and Waldvogel (1975).

is the case, plots of Y’ vs. Z,, are shown in Fig. 16
as heavy solid curves for the four values of ¢ listed
above. In constructing this diagram the large AD,,,,
behavior of Y’ and of Z,,/N, have been used and
points corresponding to the same D, have been plot-
ted and connected by line segments. It has been as-
sumed in plotting Z,, that Ny = 100 m™® cm™;
smaller or larger values of NV, will merely shift the
curves to the left or right, respectively, since Y’ is
independent of N, Comparison of this figure with
Fig. 15 shows that observation of values of Y’ in
excess of 10 dB would require large ¢, exceedingly
large values of Z)o and/or very small values of Ng;
these conditions have not been observed in nature.
Also shown in Fig. 16 is the shaded region plotted
by Jameson and Heymsfield (1980) within which
90% of their observations lie. In addition, the data
of Dennis et al. (1971) are shown plotted as’squares
and the results found by calculating ¥’ and Z,, from
the experimental spectra of Federer and Waldvogel
(1975) are plotted as triangles. Although all of these
results could be accounted for by a variety of #’s and
Ny’s, the calculated curves and the experimental data
are in agreement with the conclusions of Jameson
and Heymsfield (1980) regarding criteria for the
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presence of hail. If the hail is dry or covered with
a very thin coat of water ¥’ > 3 dB only when Z,,
> 45 dBZ. Thicker coats of water require that Z,,
> 60 dBZ to observe Y’ = 3 dB. Consequently, the
criterion that Y’ = 3 dB for hail will include only
those cases for large ¢+ when Z,, is large, thereby
avoiding any interpretation of signals from regions
with graupel as being hail-bearing.

4. Summary and conclusions

Two extensive sets of diagrams have been pre-
sented in this work which depict the relationships
among hail-size distribution parameters and integral
quantities defined in terms of these parameters. The
first set of diagrams employs a truncated exponential
three-parameter size distribution of the form N(D)
= Ny exp(—AD), 0 < D < D,,, and has been used
to deduce conclusions regarding the relationships
between integral quantities and remote measur-
ables. Generally, since N(D) is dependent on three
parameters, three measurables would be required to
completely specify the size distribution and derived
integral quantities. However, it has been shown that
integral parameters such as equivalent radar reflec-
tivity factor are insensitive to changes in the product
AD,,, for values of AD,,,, > 5. It has also been shown
that the overwhelming majority of experimentally
measured size distributions have AD,,,, > 5 so that
in most cases the product of A and the median volume
diameter D, approaches its limiting value of AD,
= 3.672. This means that only two size distribution
parameters (e.g., Ny and D,) are adequate to specify
accurately most integral quantities. A further con-
sequence is that only two remote measurables are
required to determine accurately most integral quan-
tities when the contribution due to rain can be ne-
glected. :

The three-parameter diagrams have been used in
several other ways in this work. For example, it has
been shown that the mass-weighted average diameter
D,, is always within 10% of the median volume di-
ameter D, which is a useful result for the analysis
of hail-size spectral data. The behavior of Y’, the
ratio of the reflectivities at A = 10.0 and 3.2 cm, as
a function of A, D,,,, and D, has been examined and
its use by Jameson and Heymsfield (1980) as an
indicator of hail size or the presence of graupel has
been supported. Doppler-radar parameters such as
mean Doppler fallspeed and Doppler variance have
also been examined. The validity of the analytical
techniques used by Ulbrich (1977) to deduce hail
size from Doppler-radar spectra has been estab-
lished. In addition, the behavior of the Doppler vari-
ance has been shown to be such that values in excess
of 4 m* s72 imply large hail and/or turbulence, in
agreement with the conclusions of Donaldson and
Wexler (1969) and Boston and Rogers (1969).
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The second set of diagrams employs the empirical
result found in the first part of the paper, viz., that
the product AD,,,, is large. Consequently, this set of
diagrams involves a two-parameter size distribution
and is valid for the great majority of naturally oc-
curring hail-size distributions. These diagrams have
been used to show that at certain radar wavelengths
the relationship between kinetic energy flux £ and
radar reflectivity factor Z is such that E is directly
determined from measurements of Z when the con-
tribution due to rain is small. In other words, only
one measurable is needed in this case to adequately
specify an integral quantity. The diagram has been
used to show that modification of the hail-size spec-
trum at constant ice water content (through a change
in hail size and/or number) can, in some circum-
stances, result in either an increase or decrease in
the number of hailstones > 1.0 cm, depending on
how the modification is accomplished. The implica-
tion of these results in terms of the physical damage
caused by hailfall is not known because of the lack
of adequate information concerning hail damage
functions.

The two-parameter diagram has also been used to
assess the error which can be expected when the ra-
dar pulse volume contains a mixture of rain and hail.
It has been found that integral hail parameters can
be measured remotely by radar with acceptable levels
of accuracy when the rain part of the reflectivity
factor is <20% of the total.

Finally, an investigation has been made of the the-
oretical dependence of Y’ on median volume diam-
eter, water coat thickness and reflectivity factor at
radar wavelength of 10.0 cm in the large AD,,, limit.
It has been shown that, for AD,,, > 5, Y'is a function
of Dy only if ¢t is known. In addition, the behavior
of Y’ as a function of Z), is in agreement with the
experimental observations and supports the criteria
used by Jameson and Heymsfield (1980) for the pres-
ence of hail.

These are only a few of the possible applications
of the diagrams presented in this work and the con-
clusions which can be drawn from them. They illus-
trate how the diagrams can be applied to a wide
variety of situations defined by the special needs and
interests of the reader. In future work it will be shown
how to use these diagrams for size distributions other
than exponential. Two specific types of size distri-
butions which will be considered in this regard are
the rectangular distribution and the gamma distri-
bution of Khrgian et al. (1952). It will be shown that
for these distributions and for any others for which
the moments of the distribution are known, the dia-
grams in Section 3 can be used as shown provided
the isopleths are relabeled with values appropriate
to the size distribution of interest using simple mul-
tiplicative factors.
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APPENDIX

Analysis of 1976 National Hail Research
Experiment Hailpad Data

The hailpad data collected during the summer of
1976 by the National Hail Research Experiment
(NHRE) consist of numbers of dents of specified size
in 12-inch square styrofoam hailpads covered with
aluminum foil. All dents in the pads were measured
and then categorized so that if x; (mm) is the dent
dimension at the center of the ith category and Ax;
(mm) is the width of the category, then

x; = 3.5 mm Ax, = 3.0 mm

x; =1+ 3.5 mm Ax; = 1.0 mm
i=2,3...,21 -(A1)

x;=51—825mm Ax;=5.0mm
i=22,...,25

These category dimensions are transformed to di-
mensions of equivalent hailstone diameters through
the use of the calibration equation

D; (mm) = (a\x; + az)l/Z —as, (A2)

where the a;, a,, and a; are empirically determined
constants,

The quantities of interest in this work are the vol-
ume distribution of hailstones and the maximum
diameter hailstone striking the pad. If n(D;) is the
number of hailstones in the ith category then the
volume distribution is given by

N(D) = n(D))[(AyD/'*AtAD)), (A3)

where A is the area of the hailpad, Af is the time
duration of hailfall on the pad, and AD; is the width
of the equivalent diameter category [found from Eq.
(A2)]. Following Waldvogel et al. (1978a), the
fallspeed of the hailstones has been taken to be of
the form v(D;) = vD° with v = 13.96 m s™! cm™3,
Since the time interval At is not known, N(D;) cannot
be determined except within a multiplicative con-
stant. Nevertheless, if the data are approximated by
an exponential form, i.e.,

N(D,) = Noe ™, (A4)
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F1G. 17. Frequency distributions of hail size distribution parameters for 1976 NHRE hailpads. Parts
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then it is still possible to determine the parameter
A since only the constant N, depends on At, Eq. (A4)
has been fitted to the data for each hailpad having
numbers of hailstones greater than zero in four or
more categories. This criterion was satisfied for 993
hailpads in the 1976 NHRE data and the frequency
distribution of values found for A is shown in Fig.
17a. The distribution is sharply peaked about the
mean value A = 4.67 cm™ with 74% of the points
lying in the range 2 < A < 6 cm™'. The maximum
diameter D,,,, was estimated from the upper bound
of the highest equivalent diameter category within
which there were hailstones striking the pad. From
this the product AD,,,, was formed and the resultant
frequency distribution of values for this quantity is
shown in Fig. 17b. This figure illustrates in a dif-
ferent way the result shown in Fig. 4 of the text, viz.,
for the overwhelming majority of the points the prod-
uct AD,, is large. The average value of the distri-
bution in Fig. 17b is ADpy. = 7.9 with 90% of the
points having ADp,, = 5 and 66% having AD,,,
= 7. Another method of determining AD,, is de-
scribed in the text wherein the ratio W/Nr is cal-
culated from the hailpad data and set equal to the
function on the right side of Eq. (17). Using the value
found for A from a semi-logarithmic plot of the hail-
pad data, the product ADp,, is then found from the
solution of Eq. (17). The results found in this way
for the 1976 NHRE hailpad data produce values for
AD,,, such that 90% of them have AD,,, > 10.
The median volume diameter Dy, the average di-
ameter D and the mass-weighted average diameter

D,, also were calculated for each hailpad and the
resultant frequency distributions are shown in Figs.
17c-17e. The D, distribution has an average value
of 0.908 cm with 72% of the points lying in the range
0.6 < Dy < 1.0 cm. The D distribution is even more
sharply peaked with an average value of 0.761 cm
and 91% of the points lying between 0.6 < D < 0.9
cm. The D,, distribution is similar to that for D, with
an average value of D,, equal to 0.982 cm and with
two-thirds of the points in the range 0.7 < D,, < 1.1
cm. These frequency distributions demonstrate the
point made in the text that D,, is a close approxi-
mation to D, for a truncated exponential distribution.
If the hailpad size distributions were truly exponen-
tial then D,,/Dy = 1.09 when ADy,, is large. From
the results given here one finds a value of 1.08 for
the ratio of the average values of D,, and Dy.

The product AD, was formed from the results
found for A and D, and the frequency distribution
of AD, values is shown in Fig. 17f. It is sharply
peaked around the average value of 3.91 with 70%
of the points lying in the range 2.5 < Dy < 4.5. This
average value is close to that expected for a large
AD,_,, continuous exponential distribution, i.e., AD,
= 3.672.
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